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A representation theoretic characterization of simple closed curves on a
surface
THOMAS KOBERDA AND RAMANUJAN SANTHAROUBANE
Abstract. We produce a sequence of finite dimensional representations of the
fundamental group π1(S ) of a closed surface where all simple closed curves act
with finite order, but where each non–simple closed curve eventually acts with
infinite order. As a consequence, we obtain a representation theoretic algorithm
which decides whether or not a given element of π1(S ) has a representative in its
free homotopy class which is a simple closed curve. The construction of these rep-
resentations combines ideas from TQFT representations of mapping class groups
with effective versions of LERF for surface groups.
1. Introduction
Let S = S g be a closed and orientable surface of genus g ≥ 2. A simple closed
curve on S is a homotopically essential embedding of the circle S 1 into S . Fixing a
basepoint on S , an element 1 , γ ∈ π1(S ) is called simple if it has a simple closed
curve in its free homotopy class, and non–simple otherwise. A homotopy class of
loops γ : S 1 → S is called a proper power if there is a loop γ0 : S
1 → S and an
n > 1 such that γ = γn
0
, i.e. γ0 concatenated with itself n times. In this article, we
propose a representation theoretic characterization of the simple elements in π1(S ),
which thus relates a topological property of a conjugacy class in π1(S ) with the
representation theory of π1(S ). Precisely:
Theorem 1.1. Let X be a fixed finite generating set for π1(S ), and let ℓX be the
corresponding word metric on π1(S ). There exists an explicit sequence of finite
dimensional complex representations {ρi}i≥1 such that:
(1) For each simple element 1 , γ ∈ π1(S ) and each i, the linear map ρi(γ) has
finite order bounded by a constant which depends only on i;
(2) An element 1 , γ ∈ π1(S ) which is not a proper power is non–simple if and
only if ρi(γ) has infinite order for all i ≥ ℓX(γ).
Corollary 1.2. Let γ ∈ π1(S ) be non–simple and not a proper power. Then there is a
finite dimensional linear representation ρ of π1(S ) under which all simple elements
have finite order, but where ρ(γ) has infinite order.
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Algebraic and algorithmic characterizations of simple closed curves on surfaces
have been studied by many authors for quite some time. The first group–theoretic
characterization of simplicity of elements in π1(S ) was given by Zieschang (see
[23], [24]). Algorithms, both algebraic and geometric in nature, were given by
Chillingworth in [11] and [12], Turaev–Viro [22], Birman–Series [3] with exten-
sions by Cohen–Lustig [10], Hass–Scott [14], Arettines [2], Cahn [5], and Chas–
Krongold in [6] and [7]. A homological characterization using finite covering
spaces was given by Boggi [4]. The foundational work of Goldman [13] has guided
much of the progress in the study of algebraic characterizations of simple closed
curves (see also [21]).
Corollary 1.3. The representations {ρi}i≥1 in Theorem 1.1 are computable. In par-
ticular, there exists an algorithm which, by computing a certain representation of
π1(S ), decides whether or not an element 1 , γ ∈ π1(S ) is simple.
The representations in Theorem 1.1 and Corollary 1.2 come from TQFT repre-
sentations of mapping class groups, combined with certain canonical representation
theoretic constructions. To the authors’ knowledge, Theorem 1.1 gives the first rep-
resentation theoretic and the first topological quantum field theoretic characteriza-
tion of simple closed curves on a surface.
We remark that Theorem 1.1 and its corollaries all hold for compact orientable
surfaces with boundary. We have limited our discussion to closed surfaces in order
to make some of the statements cleaner, but the arguments work for surfaces with
boundary in a manner which is essentially unchanged.
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3. Proof of the main result
In this section, we gather the main facts needed to establish Theorem 1.1, rele-
gating discussion to later sections. Throughout this section and the remainder of
the paper, we will equip S with an (unless otherwise stated, arbitrary) hyperbolic
metric.
3.1. TQFT representations of surface groups and figure eight loops. Let γ ⊂ S
be closed geodesic with exactly one self–intersection, so that γ can be termed a
figure eight loop. Fixing a basepoint for S on γ (say the self–intersection point),
we can orient γ and identify it with an element of π1(S ). Note that the requirement
3that γ be geodesic automatically guarantees that this figure eight loop is essential,
i.e. that the two simple subloops of γ generate a copy of the free group F2 < π1(S ).
The following is a straightforward consequence of the main technical result of the
authors [16]:
Lemma 3.1. Let S g = S a closed surface of genus g ≥ 2. There is a linear repre-
sentation ρ : π1(S ) → GLn(C) such that:
(1) If γ ∈ π1(S ) has an embedded essential figure eight loop as its geodesic
representative, then ρ(γ) has infinite order;
(2) The image of each simple element in π1(S ) under ρ has finite order bounded
by k, where k depends only on ρ.
In the interest of brevity, we will not describe the representation ρ in any detail.
However, we will note that the representation ρ is computable and can be written
down explicitly. See [16].
Proof of Lemma 3.1. In [16], we considered a sequence of representations
ρp : π1(S g) → PGLd(p,g)(C)
indexed by odd integers p ≥ 3.
It is straightforward to adjust the proof of Theorem 1.1 of [16] to establish the
following: if γ is an arbitrary figure eight loop then there exists an integer p0(γ)
such that for p ≥ p0(γ), we have that ρp(γ) has infinite order.
These representations were obtained from restrictions of quantum SO(3) repre-
sentations of mapping class groups. This clearly implies that if ρp(γ) has infinite
order for some p, then ρp(γ
′) has infinite order for all γ′ in the mapping class group
orbit of γ.
Now since there are only finitely many figure eight loops in π1(S g) up to the
action of the mapping class group, we can choose one integer p0 such that if γ is an
arbitrary figure eight loop then ρp0(γ) is an infinite order element.
Finally, the image of any simple element in π1(S g) under ρp0 has order at most
2p0. 
3.2. Inducing up. We will require some well–known fact from representation the-
ory, which we gather here for the convenience of the reader. We will restrict to
complex representations, though the discussion works over any field of characteris-
tic zero.
Let G be a group, let H be a finite index subgroup of G, and let V be a finite
dimensional complex representation of H. The induced representation of G is a
canonical way to turn V into a finite dimensional representation ofG. Precisely, we
take
IndGH V := C[G] ⊗C[H] V.
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It is standard that the complex dimension of IndGH V is given by [G : H] · dimV .
Frobenius reciprocity, suitably generalized to infinite groups, guarantees that if h ∈
H acts with infinite order on V then h also acts with infinite order on IndGH V .
Lemma 3.2. Let H < π1(S ) be a finite index subgroup, classifying a finite cover
S ′ → S . Let V be a finite dimensional representation of H such that each simple
element of H = π1(S
′) acts with finite order. Then if 1 , γ ∈ π1(S ) is simple, we
have that γ acts with finite order on IndGH V.
Proof. The lemma follows from a straightforward computation, using the fact that
if γ ∈ π1(S ) is simple and S
′ → S is a finite cover of S , then some power of γ lifts
to a simple element of π1(S
′). We omit the details in the interest of brevity. 
3.3. Subgroup separability. Surface groups enjoy subgroup separability (also called
LERF; see Section 4), which implies the following fact:
Lemma 3.3. Let γ ⊂ S be a closed geodesic with at least one self–intersection.
Then there is a finite cover S ′ → S such that γ lifts to a figure eight loop in S ′.
We will discuss subgroup separability and give a proof of Lemma 3.3 in Sec-
tion 4.
3.4. Proof of the main result. Theorem 1.1 follows easily from the facts in this
section:
Proof of Theorem 1.1. Let 1 , γ ∈ π1(S ) be a non–simple element which is not
a proper power, and represent γ by a geodesic on S . By Lemma 3.3, there is a
finite cover S ′ of S to which γ lifts and where it becomes a figure eight loop. By
Lemma 3.1, there is a linear representation ρ of π1(S
′) such that ρ(γ) has infinite
order, and such that each simple element of π1(S
′) has (uniformly bounded) fi-
nite order. Inducing ρ to π1(S ), we have that γ still acts with infinite order. By
Lemma 3.2, all simple elements of π1(S ) will still act with finite order.
Now, there are only finitely many elements in π1(S ) of a given word length in
the word metric ℓX coming from a finite generating set X. For each non–simple
γ ∈ π1(S ), write ργ for the representation produced in the previous paragraph, and
write
ρi =
⊕
γ∈π1(S ), ℓX(γ)≤i
ργ,
where γ ranges over non–simple elements of π1(S ).
Thus, if γ is non–simple and not a proper power with ℓX(γ) ≤ i, then ρi(γ) has
infinite order. Since every factor in the direct sum decomposition of ρi sends sim-
ple elements of π1(S ) to uniformly bounded finite order elements, we obtain the
claimed result. 
54. Immersed figure eight loops
Let G be a group. We say that G is locally extended residually finite or LERF if
every finitely generated subgroup ofG is closed in the profinite topology onG. The
topological meaning of LERF is given by the following well–known fact:
Lemma 4.1. Let X be a simplicial complex such that π1(X) is LERF, let K be a
finite simplicial complex, and let f : K → X be a simplicial map such that some lift
f˜ : K˜ → X˜
of f to the universal covers of K and X respectively is an embedding. Then there
exists a finite cover X′ → X and a lift f ′ : K → X′ of f such that f ′ is an embedding.
Lemma 4.1 is standard and we do not provide a proof here. A famous result of P.
Scott [20] says that closed surface groups are LERF.
Let E  S 1 ∨ S 1 be a figure eight and let S be a surface as before. A map
f : E → S , is called π1–injective if f induces an injective map on fundamental
groups and if f is a local homeomorphism.
Lemma 4.2. Let γ ⊂ S be a closed geodesic with at least one self–intersection.
Then γ is the image of a π1–injective map f : E → S .
Proof. Choose an arbitrary orientation on γ and an arbitrary self–intersection point
p ∈ γ. In a small neighborhood U of p, we have that γ ∩U is a pair of transversely
intersecting oriented arcs α and β. We start at p and travel along α in the direction
of the orientation. We follow γ until we return to p for the first time. Note that this
will happen along the arc β, since geodesics are uniquely determined by a point and
a direction. We denote the resulting loop on S by γ1. Continuing from p along β,
we eventually return to p for a second time along α, tracing another closed loop γ2.
We have thus decomposed γ as a union of two distinct closed curves on S which
meet at p. Since γ is a geodesic and since γ1 and γ2 are distinct loops based at p, we
have that the homotopy classes of γ1 and γ2 generate a free subgroup of π1(S , p).
Therefore, γ = γ1∪γ2 is the image of a π1–injective map E → S sending the wedge
point of E to p. 
We have the following lemma which implies Lemma 3.3:
Lemma 4.3. Let γ ⊂ S be a closed geodesic with at least one self–intersection,
and let f : E → S be a π1–injective map with image γ. Then there is a finite cover
S ′ → S and a lift f ′ : E → S ′ of f which is an embedding. In particular, γ lifts to
a figure eight loop in S ′.
Proof. Let p be a self–intersection of γ, which we use as a basepoint for π1(S ). We
have that π1(E)  F2, and we observed that f∗(π1(E)) is a copy of F2 < π1(S ).
Moreover, it is easy to check that since γ is a geodesic, the map f˜ : E˜ → S˜ induced
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on universal covers is an embedding. The claim of the lemma follows from Scott’s
Theorem that surface groups are LERF. 
5. An effective version of the main result
In this section, we give effective estimates of results relevant to Theorem 1.1,
thus establishing Corollary 1.3.
5.1. Proper powers. It is advantageous for us to assume that a given element γ ∈
π1(S ) is not a proper power. In order to legitimize this assumption, we have the
following lemmawhich is easy to prove using the following three well–known facts:
(1) If 1 , γ ∈ π1(S ) then the centralizer of γ is cyclic.
(2) The word growth with respect to any finite generating set is exponential.
(3) The Dehn function of π1(S ) is linear.
Lemma 5.1. There is an algorithm which decides if γ ∈ π1(S ) is a proper power,
which has at most exponential complexity in ℓX(γ).
5.2. Hyperbolic length versus word length. The following lemma is an easy con-
sequence of the standard fact that π1(S ) is quasi-isometric to hyperbolic space, and
we omit its proof:
Lemma 5.2. Let γ ∈ π1(S ), and assume that γ is not a proper power. Let ℓγ denote
the length of a geodesic representative for γ, and let ℓX(γ) denote the length of γ in
the generating set X. Then for some constant λ = λ(X, S ) > 0, we have ℓγ ≤ λ·ℓX(γ).
5.3. Length and intersection. It is a standard fact from surface topology that
curves of a given length have self–intersection number bounded above by a qua-
dratic function in the length. Precisely, we have the following:
Lemma 5.3. Let X be a finite generating set for π1(S ) and let γ ∈ π1(S ). Then there
is a constant C = C(X, S ) such that the geodesic representative for γ has at most
C · (ℓX(γ))
2 self–intersections.
Lemma 5.3 is proved in a slightly different form by Malestein–Putman (See [17],
Lemma 3.1). More precise self–intersection bounds are also studied in [10], [8],
and [9]. Since Lemma 5.3 follows from standard combinatorial methods, we will
omit a proof.
5.4. Effective LERF. P. Patel has established effective versions of Scott’s Theo-
rem that closed surface groups are LERF. To state the effective version, let S be a
compact surface of negative Euler characteristic. Following Patel, we give S the
standard hyperbolic metric, one which comes from a tiling by right-angled hyper-
bolic pentagons. If H < π1(S ) is an infinite index, finitely generated subgroup, we
let X → S be the corresponding cover and C(X) the convex core of X. That is to
7say, C(X) is the smallest, closed, convex subsurface of X with geodesic boundary
for which the inclusion into X is a homotopy equivalence. Note that H is a finitely
generated free group of rank n. Let β be the total length of the geodesic boundary
of C(X), which is finite since H has finite rank.
Theorem 5.4 ([19], Theorem 7.1). Suppose n ≥ 2, let γ ∈ π1(S ) \ H, and let ℓγ be
the length of the geodesic representative of γ. There exists a finite index subgroup
K < π1(S ) containing H but not γ such that
[π1(S ) : K] < 4n − 4 +
2 sinh[d · (ℓγ/e + 2)]
π
· β,
where d and e are fixed positive constants.
5.5. Making Theorem 1.1 effective. Let 1 , γ ∈ π1(S ) be given and let X be
a fixed finite generating set for π1(S ). We can effectively check if γ is a proper
power by Lemma 5.1, and replace it by a root if necessary. Lemma 5.3 combined
with Theorem 5.4 together can be used to give effective control over the degree of a
cover S ′ → S such that γ lifts to a figure eight loop in S ′, provided γ is non–simple.
Thus if γ lifts to a figure eight loop on some finite cover of S then it does so on one
of finitely many covers {S 1, . . . , S N} of S , where the degree of each such cover is
bounded by a computable function in ℓX(γ).
Lemma 3.1 effectively computes a representation ρi of π1(S i) for each i, where all
simple elements of π1(S i) act with finite order but where γ acts with infinite order
whenever γ lifts to a figure eight loop on S i. Finite induction as in Lemma 3.2 is
evidently computable. Finally, there are only finitely many elements of π1(S ) of
a given length. We may therefore consider the direct sum of the representations
{ρ1, . . . , ρN} as above for each γ ∈ π1(S ) of fixed length with respect to X. We thus
produce a representation ρ of π1(S ) which detects the non–simple elements of π1(S )
of length ℓX(γ) as precisely the ones with infinite order under ρ. This establishes
Corollary 1.3.
6. Remarks on the AMU Conjecture for surface groups
In this final section, we explain the motivation behind the work in this paper.
The starting point for us is to use certain representations of surface groups under
which figure eight loops have infinite order, and under which simple loops have
finite order. In order to prove the results of this paper, we only need the existence
of one such representation. However, each representation used here is part of an
infinite sequence of representations
ρp : π1(S ) → PGLdp(C)
indexed by odd integers p, as considered in [16]. For the present work, we only
need the following precise statement: if γ is geodesic figure eight loop, then ρp(γ)
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has infinite order for p big enough (cf. Lemma 3.1). In general, it is expected that
any non–simple element of π1(S ) which is not a proper power will have infinite
order under ρp for all but finitely many values of p. More precisely :
Conjecture 6.1 (AMU Conjecture for surface groups). If 1 , γ ∈ π1(S ) is a non–
simple element which is not a proper power then ρp(γ) has infinite order for p ≫ 0.
This conjecture is implied by the AMU Conjecture as stated by Andersen, Mas-
baum, and Ueno [1]. We will briefly explain how this works.
Let x0 ∈ S be a fixed marked point and let Mod
1(S ) be the mapping class group
of S fixing the marked point x0. TheWitten–Reshetikhin–Turaev SO(3) topological
quantum field theory gives a representation
ρ˜p : Mod
1(S )→ PGLdp(C)
for each odd integer p ≥ 3. Using the Birman exact sequence, we can view π1(S ) as
a subgroup of Mod1(S ). This allows us to define a representation ρp by restricting
ρ˜p to π1(S ). The AMU conjecture as stated in [1] reads as follows:
Conjecture 6.2. If φ ∈ Mod1(S ) has a pseudo-Anosov piece then ρ˜p(φ) has infinite
order for p ≫ 0.
To see how Conjecture 6.2 implies Conjecture 6.1, we use a result of Kra (see
Theorem 1.1 of [15]): if 1 , γ ∈ π1(S ) is non–simple and not a proper power then
the corresponding mapping class in Mod1(S ) is pseudo-Anosov on the subsurface
of S filled by γ. It is now clear that Conjecture 6.2 implies Conjecture 6.1.
We conclude with some progress towards resolving Conjecture 6.2 due to J.
Marche´ and the second author in [18]. Precisely, they show that Conjecture 6.2
holds for a large number of elements of π1(S ), namely the ones which are Euler
incompressible. Viewing the geodesic representative for 1 , γ ∈ π1(S ) as an em-
bedded subgraph of S , Euler incompressibility means that no Eulerian cycle (i.e.
one which visits each edge at most once) bounds a disk in S . In particular, they
recover one of the main results of [16].
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